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Positional representations

(5000)10 = (7770)8
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Positional representations
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2 ways how to compute this:

Division algorithm Greedy algorithm
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Positional representations

(5000)10 = (7?40)8
2 ways how to compute this:

Division algorithm Greedy algorithm
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Positional representations

(5004)10 = (7644)8

2 ways how to compute this:

Division algorithm Greedy algorithm
500=8-62+4
62=8-7+6
7=8-0+7
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Positional representations
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2 ways how to compute this:

Division algorithm Greedy algorithm
500=8-62+4 500 =7-8%+52
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Positional representations

(5004)10 = (7644)8

2 ways how to compute this:

Division algorithm Greedy algorithm
500=8-62+4 500 =7-82 452
62=8-7+6 52=6-8"4+4

7=8-0+7 4=4.8+0
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Positional representations

(5004)10 = (7644)8

2 ways how to compute this:

Division algorithm Greedy algorithm
500=8-62+4 500 =7-8%2 452
62=8-7+6 52=6-8" +4
7=8-0+7 4=4.84+0

Generalizations:

Polynomial bases [-expansions
(“Canonical number systems”)

Tom Hejda (Paris, Prague)
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f-expansions

> Fixp > 1
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f-expansions

Fix § > 1

Greedy [Rényi] expansion of x € [0, 1) is the coding of its orbit:

Tgreedy3 x = Px — | Bx]

(case p € (1,2))
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f-expansions

Fix g >1

Greedy [Rényi] expansion of x € [0, 1) is the coding of its orbit:

Q
Tgreedyi X Bx— I_ﬁXJ ’*‘/ /'\ (Case Be (])2))
R o
Q
0 1/B 1
x = 0eX1X2X3 - = )_xjP 7, where x; = LBT?{1XJ
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f-expansions

Fix § > 1

Greedy [Rényi] expansion of x € [0, 1) is the coding of its orbit:

Tgreedy3 x = Px — | Bx]

(case p € (1,2))

&
0 /g 1
X = 04x1%2x3 -+ = _x;B 7, where x; = [ BT} 'x]

Alphabet {0,1,..., B8]}
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f-expansions

Fix § > 1

Greedy [Rényi] expansion of x € [0, 1) is the coding of its orbit:

Tgreedy3 x = Px — | Bx]

(case p € (1,2))

%,-V
0 1/B 1
X = 0eX1X2X3 +++ = ijf‘,*j, where Xj = LBTé_1XJ

Alphabet {0,1,..., B8]}

Not every string is a 3-expansion (there is never 11 for f = 1+2‘/§)

Tom Hejda (Paris, Prague)
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Pisot numbers

» Algebraic integer: root of (irreducible) polynomial
X4 — (1(1_1)(d*1 — ad_sz*Z — - — a1 X —ag = 0 with aj € Z
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Pisot numbers

» Algebraic integer: root of (irreducible) polynomial
X4 — (1(1_1)(d*1 — ad_sz*Z — - — a1 X —ag = 0 with aj € Z

» Pisot number: G%
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Pisot numbers

Algebraic integer: root of (irreducible) polynomial
X4 — (ld,]del — ad,sz*Z —o—aX—ag =0 with a; € Z

Pisot number: G% —

Examples:
» Allintegers 8 > 2, polynomial X — 3 =0
» Golden mean % polynomial X2 — X —1=0
» Quadratic Pisot numbers: polynomial X?> — a;X —ap =0
with a 2(1021(”’(1]4’227(102].

Tom Hejda (Paris, Prague)
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Pisot numbers

Algebraic integer: root of (irreducible) polynomial
X4 — (ld,]del — ad,sz*Z —o—aX—ag =0 with a; € Z

Pisot number: G% —
Examples:

» Allintegers 8 > 2, polynomial X — 3 =0
» Golden mean % polynomial X2 — X —1=0
» Quadratic Pisot numbers: polynomial X?> — a;X —ap =0

with a 2(1021(”’(1]4’227(102].
Pisot unit: ap = £1
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Pisot numbers

Algebraic integer: root of (irreducible) polynomial
X4 — aqud*] — ad,sz*Z —o—aX—ag =0 with a; € Z

Pisot number: G% —
Examples:

» Allintegers 8 > 2, polynomial X — 3 =0
» Golden mean % polynomial X2 — X —1=0
» Quadratic Pisot numbers: polynomial X?> — a;X —ap =0

with a 2(10210|’(1]+2>7C102].
Pisot unit: ap = £1
Galois conjugates: other roots of the minimal polynomial
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Pisot numbers

Algebraic integer: root of (irreducible) polynomial
X4 — aqud*] — ad,sz*Z —o—aX—ag =0 with a; € Z

Pisot number: G% —

Examples:
» Allintegers 8 > 2, polynomial X — 3 =0

» Golden mean % polynomial X2 — X —1=0

» Quadratic Pisot numbers: polynomial X?> — a;X —ap =0
with a 2(10210|’(1]+2>7C102].

Pisot unit: ap = £1
Galois conjugates: other roots of the minimal polynomial

Map ¥: Y x;pB) — (ijB]‘m,...,ijBj@)) € Rd!

Tom Hejda (Paris, Prague)
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Rauzy fractals & tilings

» (3 Pisot unit
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0000e0 0000 00000 0000

Rauzy fractals & tilings

» (3 Pisot unit
X = ¢X1X2X3X4 -+ € Z[BI N[0, 1)
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Introduction Multiple tilings Purely periodic expansions Spectra of complex numbers
0000e0 0000 00000 0000

Rauzy fractals & tilings

» (3 Pisot unit
X = ¢X1X2X3X4 -+ € Z[BI N[0, 1)

P X3X 2 X 1X0eX1X2X3X4 < -

1 4
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tilings

Rauzy fractals & tilings

» (3 Pisot unit
X = ¢X1X2X3X4 -+ € Z[BI N[0, 1)
> *X_3X_2X_1X0eX1X2X3X4 " - -

4 {
> Y xY(R) + W(x) eRIT
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0000e0

Rauzy fractals & tilings

v

 Pisot unit
X = oX1X2X3X4 -+ € Z[BI N[0, 1)
o X_3X_2X_1X0eX1X2X3X4 - -
4 {
> [ Y YR + ‘F(x)] € R4

v

v

» R(x) = {set of allm} c R4~!
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Rauzy fractals & tilings

» (3 Pisot unit

X = ¢X1X2X3X4 r -

P X3X 2 X 1X0eX1X2X3X4 < -

expansions

€ Z[BInI[o,1)

a of complex numbers

«010101

110001

i

1

> [ > x¥(p))

+ Y(x) ] e RA—1 oo

» R(x) = {set of allm} c R4~!

«00011
o10101

o 10001

AN

«01011

«100011

o110011

Tom Hejda (Paris, Prague)

Geometrical aspects of positional representations of real and complex numbers



Introduction
000080

Rauzy fractals & tilings

v

 Pisot unit

X = ¢X1X2X3X4g -

P X3X 2 X 1X0eX1X2X3X4 < -

€ Z[BI N[0, 1)

«010101

110001

i

I

> [ > x¥(p))

+ ¥(x) ) eRY

» R(x) = {set of allm} c R4~!

» 0 € R(x) < x has a purely periodic expansion

o 10001

o10101

AN

«100011

o110011
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Rauzy fractals & tilings

» {3 Pisot unit

#0001

«010101

110001

> X = ¢X1X2X3X4 - - € Z[BI N[0, 1)
P X3X 2 X 1X0eX1X2X3X4 < -
4 4

> [ ZX) |3’

+ ¥(x) ) eRY

» R(x) = {set of allm} c R4~!

» 0 € R(x) < x has a purely periodic expansion
» 0 € R(0)° < eachz e Z[B]N

«00011

«01011

o 10001

o10101

AN

«100011

o110011

[0, 1) has a finite expansion (Property F)

Tom Hejda (Paris, Prague)
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Rauzy fractals & tilings

«010101

110001

» {3 Pisot unit
> X = ¢X1X2X3X4 - - € Z[BI N[0, 1)
P X3X 2 X 1X0eX1X2X3X4 < -
\I, \I, «100011
> [ ZX) I?’] + W(X)] c RA—T ereen

» R(x) = {set of allm} c R4~!

v

v

v

0 € R(x) < x has a purely periodic expansion
0 € R(0)° <= eachze Z[B]IN
Property (F) = tiling

o110011

[0, 1) has a finite expansion (Property F)

Tom Hejda (Paris, Prague)
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Rauzy fractals & tilings

«010101

110001

 Pisot unit
X = ¢X1X2X3X4 - - € Z[BI N[0, 1)
T X3X_2X_1X0eX1X2X3Xq " - -
1 1
[ ZX) B) + W(X) ] c RA—T ereen

«100011

o110011

R(x) = {set of all m} c R4~!

0 € R(x) < x has a purely periodic expansion

0 € R(0)° <= eachz € Z[B] N [0,1) has a finite expansion (Property F)
Property (F) = tiling

Property (W) < tiling

Tom Hejda (Paris, Prague) 6
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Pisot conjecture

For 3-numeration: Let 3 be a degree d Pisot unit. Then the collection
of Rauzy fractals for the greedy B-transformation is a tiling of R4~1.

For irreducible substitutions: For any Pisot irreducible substitution,
the Rauzy fractals form a tiling.

The two are connected, for instance:

1 1 1 0~ 01
3_np2__ 1 —
L (1 0 o) 102
: 01 0 2130
0 01~ 0102+~ 0102010 + --- — 0102010010201 - - -

Theorem (Barge 2015)

The Pisot conjecture for 3-numeration is true.

Tom Hejda (Paris, Prague) 7
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Introduction Multiple tilings Purely periodic expansions Spectra of complex numbers
000000 @000 00000 0000

Symmetric 3-expansions

> Tgreedy: [0,1) = [0,1), x = Bx — Bx]

> Tsymmetrici [—15, %) — [—%, %)) X = Bx — I_BX+ %J

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers



Multiple tilings iodic expansions of complex numbers

@000

Symmetric 3-expansions

> Tgreedy3 [0)1) — [O,”, X — Bx — L[?)XJ
> Tsymmetrici [—15, %) — [—%, 12)) X = Bx — U_?,x_|_ %J

» Symmetric alphabet {—a, ..., a} with a = | £5|

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers



Multiple tilings
@000

Symmetric 3-expansions

Tgreedy3 [0,1) = [0,1), x — Px — LBxJ
Tsymmetr105 [—15, %) — [—%, %), X Bx — \_BX—F %J

Symmetric alphabet {—a, ..., a} with a = | £3 |

0 (case B € (1,2))

1
1
1
1
1
1
1
T
1
1
1
1
l
1
1
f

1 1

26 2
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Multiple tilings
@000

Symmetric 3-expansions

Tgreedy3 0,1) = [0,1), x — Bx — LBxJ
Tsymmetr105 [—15, %) — [—%, %), X Bx — \_ﬁX—F %J

Symmetric alphabet {—a, ..., a} with a = | £3 |

0 (case B € (1,2))

|

I

1

I

1

|

1

T

I

1

|

1

1

I

)
1 1 1
2 2B 2p 2

Rauzy fractals: defined for each x € Z[B] N [—7, )

Tom Hejda (Paris, Prague)
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Multiple tilings
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[e] lele)

Example for symmetric transformation: g3 — 32 -3 —1=0

10To(107) 3
T1007(170)~
0170(107)~

1

100(T01)~

00T0(107)~

Purely periodic expansions
00000

01710(T01)~

10(071)
001(T10)~

,\;v\fﬁ 2(T01)

(T10)»

0T(170)~
o(107)~

(@17y~

Spectra of complex numbers
0000

: oT1(T10)«
10T170(107)~

170(017)*

oTo(017)~

o1T170(107)

a0(T01)~

1007(170)~

eTo(10T)~
T10(T01)* P T(170)~
To)w - 0107(170)*
Teo1(T10)* (170) o(0T1)~
00(107)*
IS 1710(T01)~, > -
oT1710(T01), To(10T) o(Te1)~ Toe(107)~
107(170)« 1Ty
010(071)~
007(170)~
Tio(etn” To(017) oT10(T01)~
17001(T10)~
Ta1T10(Tanw 1T1Te(107)” 1—,
Tom Hejda (Paris, Prague)

Geometrical aspects of positional representations of real and complex numbers



Multiple tilings
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Degree of the multiple tiling

Theorem (H)
Suppose B € (1,2) is a Pisot unit. Then:

the symmetric B-transformation induces a tiling

the balanced -transformation induces a tiling
&
N(B —1) =41

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 10



Multiple tilings
[e]e] o)

Degree of the multiple tiling

Theorem (H)
Suppose B € (1,2) is a Pisot unit. Then:

the symmetric B-transformation induces a tiling

the balanced -transformation induces a tiling
&
N(B —1) =41

Theorem (H)

Suppose B is a Multinacci number, ¢ = 41 + B2 ... 4+ 1ford > 2.
Then the symmetric (3-transformation induces a degree d — 1 multiple tiling.

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 10



Multiple tilings
[e]e] o)

Degree of the multiple tiling

Theorem (H)
Suppose B € (1,2) is a Pisot unit. Then:

the symmetric B-transformation induces a tiling

the balanced -transformation induces a tiling
&
N(B —1) =41

Theorem (H)

Suppose B is a Multinacci number, ¢ = 41 + B2 ... 4+ 1ford > 2.
Then the symmetric (3-transformation induces a degree d — 1 multiple tiling.

The case 3 > 2 needs different approach
Symmetric shift radix systems look promising

Tom Hejda (Paris, Prague) 10
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Core ideas

Symmetric Balanced
1 B
2 2p—2
1-8 !
22
B
_1 2-B
2 2p-2

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers
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Spectra of complex numbers
000000 oooe 00000

0000
Core ideas
Symmetric Balanced
% 2;3[572
1-8 !
2p—2
£ _1
_1 2-p
2 2p-2

» The “multiplication factor” of § — 1
» One layer of m.t. for balanced — N(p — 1) layers of m.t. for symmetric

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers



Introduction Multiple tilings
oooe

dic expansions

2 of complex numbers

Core ideas

Symmetric Balanced
1 B
2 2p—2
1-8 !
2p—2
£ _1
_1 2-p
2 2p-2

» The “multiplication factor” of § — 1
» One layer of m.t. for balanced — N(p — 1) layers of m.t. for symmetric
» d-Bonacci case

» we havethat N(B —1)=d—1
» we prove that balanced induce a tiling

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers
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000 001(T10)
0To(017)~
e oT(170)~ Te1(T10)®
Core ideasmm eoen” recen” o1 TiTo(167)
R @o(Te1)~
1e07(170)~
efe1(T10)
(017) - ~
1T0(107)~
010(T01)~, (107)
oTo(10T)~
T10(Te1), Ty
1 0107(170)~
Too1(T10)~ (179)«
00(10T)~
oT1T10(T01)~, To(10T)~ a(To1)« Too(107)~
107(170)* o1(T10)
o10(0T1)~
00T(170)~
T1e(eT1)~ eT1e(Te1)
P BRI 1T001(T10)~
To1T10(To1)~ 1T1T0(107)~ P
011(170) . ¥ 0010(To1)~ To1e(T01)~

» The “multiplication factor” of § — 1

» One layer of m.t. for balanced — N(p — 1) layers of m.t. for symmetric
» d-Bonacci case

» we havethat N(B —1)=d—1

» we prove that balanced induce a tiling

Tom Hejda (Paris, Prague)
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Purely periodic expansions of rational numbers
Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 12



Purely periodic expansions
00000

Purely periodic expansions of rational numbers

Pur(f3) = set of numbers with a purely periodic greedy [3-expansion
={x€[0,1):T*(x) = x for some k }

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers
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Purely periodic expansions of rational numbers

Pur(p) = set of numbers with a purely periodic greedy 3-expansion
={x€[0,1):T*(x) = x for some k }

» Letp eN,p >2. Thenp/q € Pur() < q L B [classic]

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 12
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Purely periodic expansions of rational numbers

Pur(p) = set of numbers with a purely periodic greedy -expansion
={x€[0,1):T*(x) = x for some k }

» Letp eN,p >2. Thenp/q € Pur() < q L B [classic]
» LetB?2=aPf+1,a>1. Thenall p/q € Pur(B) [Schmidl]

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers
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Purely periodic expansions of rational numbers

Pur(p) = set of numbers with a purely periodic greedy -expansion
={x€[0,1):T*(x) = x for some k }

LetB eN, B >2. Thenp/q € Pur() < q L B [classic]
Let 2 =aB +1,a> 1. Then all p/q € Pur(B) [Schmidt]

Let B> =3B +2. Thenp/q €1[0,0.17---) & godd = p/q € Pur(B)
[Minervino, Steiner]

Tom Hejda (Paris, Prague)
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Purely periodic expansions of rational numbers

Pur(p) = set of numbers with a purely periodic greedy -expansion
={x€[0,1):T*(x) = x for some k }

LetB eN, B >2. Thenp/q € Pur() < q L B [classic]
Let 2 =aB +1,a> 1. Then all p/q € Pur(B) [Schmidt]

Let B> =3B +2. Thenp/q €1[0,0.17---) & godd = p/q € Pur(B)
[Minervino, Steiner]

Let B3 =B + 1. Thenp/q € [0,0.666666666086---) = p/q € Pur(B)
[Akiyama, Scheicher]

Tom Hejda (Paris, Prague)
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Purely periodic expansions of rational numbers

Y(B) =sup{c>0:allp/q € [0,c) such that q L N(B)
have a purely periodic expansion }

ra of complex numbers

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers



Purely periodic expansions
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Purely periodic expansions of rational numbers

Y(B) =sup{c>0:allp/q € [0,c) such that q L N(B)
have a purely periodic expansion }

» y(B) =1for f € Nclassic]
> y(B)=1forp?=ap+1,a
» y(B)=0forp?=ap—1,a

1 [Schmidt]
3 [Schmidt]

VoWV

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers
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Purely periodic expansions of rational numbers

Y(B) =sup{c>0:allp/q € [0,c) such that q L N(B)
have a purely periodic expansion }

» y(B) =1for f € Nclassic]

> y(B) =1for B2 = ap + 1, a > 1 [Schmidi]

» y(B) =0for B2 =af —1, a > 3 [Schmidl]

> v(B) = max{0, Lzbbbﬁ} for B2 = ap + b, a L b [Minervino, Steiner]

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 13



Purely periodic expansions
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Purely periodic expansions of rational numbers

Y(B) =sup{c>0:allp/q € [0,c) such that q L N(B)
have a purely periodic expansion }

» y(B) =1for B € N [classic]

» v(B)=1for B2 =ap + 1, a > 1 [Schmidti]

» v(B) =0for B2 = ap — 1, a > 3 [Schmidt]

> y(B) = max{0, “szbbﬁ} for B2 = ap + b, a L b [Minervino, Steiner]
> v(B) = 0.9999999999999826 - - - for B2 = 563 + 8 [H, Steiner]

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 13
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The quadratic Pisot case
The case B2 =aPf —b,a—2>b > 1: We have y(p) = 0 [Akiyama]
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Purely periodic expansions
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The quadratic Pisot case

The case B2 =aPf —b,a—2>b > 1: We have y(p) = 0 [Akiyama]

Thecase 2 =af+b,a>b>1:

> When a L b, we have y(B) = max{0, %} [Minervino, Steiner]
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The quadratic Pisot case

The case B2 =aPf —b,a—2>b > 1: We have y(p) = 0 [Akiyama]

Thecase 2 =af+b,a>b>1:
» When a L b, we have y(B) = max{0, Lzbbbf} [Minervino, Steiner]

Theorem (H, Steiner)

Letp?=aB+b,a=b>1.
» Whenb|a, wehave y(B) =1 < a>b?or(a,b) € {(24,6),(30,6)}.

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 14
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The quadratic Pisot case

The case B2 =aPf —b,a—2>b > 1: We have y(p) = 0 [Akiyama]

Thecase 2 =af+b,a>b>1:
» When a L b, we have y(B) = max{0, ‘ﬁzbbbf} [Minervino, Steiner]

Theorem (H, Steiner)

Letp?=aB+b,a=b>1.
» Whenb|a, wehave y(B) =1 < a>b?or(a,b) € {(24,6),(30,6)}.
» When a=1b > 3, we have y() = 0.

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 14



Purely periodic expansions
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The quadratic Pisot case

The case B2 =aPf —b,a—2>b > 1: We have y(p) = 0 [Akiyama]

Thecase 2 =af+b,a>b>1:
» When a L b, we have y(B) = max{0, ‘ﬁzbbbf} [Minervino, Steiner]

Theorem (H, Steiner)
Letp?=aB+b,a=b>1.
» Whenb|a, wehave y(B) =1 < a>b?or(a,b) € {(24,6),(30,6)}.
» When a=1b > 3, we have y() = 0.
» In all cases, we can calculate y(3) with arbitrary precision.
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How do we compute y(3)?

Natural extension of the greedy p-transformation:

NE inverstible NE
» An a.e.-invertible map S : NE — NE such that J J
[0,1) —— [0, 1)
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How do we compute y(3)?
Natural extension of the greedy p-transformation:
NE — & NE

invertible
An a.e.-invertible map S : NE — NE such that J J

[0,1) —"— [0,1)

A domain e K¢

A point x € Q(B) has a purely periodic expansion < (x,x’,xs) € NE

Tom Hejda (Paris, Prague)
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The difficulty: Distribution of rational points in the NE

» BZ=aB+b

v TeE R
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The difficulty: Distribution of rational points in the NE

BZ=aB+b
p/q has a purely periodic expansion <= p/q € [0, 1) and inside the tile
below

v TeE R
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The difficulty: Distribution of rational points in the NE

» BZ=aB+b
» p/q has a purely periodic expansion <= p/q € [0, 1) and inside the tile
below
» Distribution of p/q with q L b:
Casealb General case

=1
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Introduction Multiple tilings Purely periodic expansions Spectra of complex numbers
000000 0000 [o]e]e]e] ] 0000 [e]

The difficulty: Distribution of rational points in the NE

» BZ=aB+b
» p/q has a purely periodic expansion <= p/q € [0, 1) and inside the tile
below
» Distribution of p/q with q L b:
Casealb General case

= =

» Description of the boundary [Minervino, Steiner]
» Localization of rational numbers [H, Steiner]
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Spectra of complex numbers
@000

Spectra of numbers

Spectrum of § with alphabet A: Set of all
xo +x13 Jerﬁz +o - xn BT
with X5 € A.

Restrictions: [B| >Tand0ec A

i—1,{0,1} i+1,{0,1}
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Spectra of complex numbers
@000

Spectra of numbers

Spectrum of § with alphabet A: Set of all

X0 +X1B+Xzf52+"'+xn6n

with X5 € A.
Restrictions: [B| >Tand0ec A
Motivation:
> Real: Spectra provide information on the number of different

[3-representations
» Complex: The definition of “standard complex 3-transformation” is not at all

settled down [Hama, Furukado, Ito] [Akiyama, Caalim] [Komornik, Loreti]

Tom Hejda (Paris, Prague)
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The importance of being (complex) Pisot

» Base: freal > 1
» Alphabet: A ={0,1,...,m}

[ Pisot 3 non-Pisot
m+ 13> | uniformly discrete | not uniformly discrete
relatively dense relatively dense
m+1>p | uniformly discrete | not uniformly discrete
relatively dense relatively dense
m+1<p | uniformly discrete uniformly discrete
not relatively dense not relatively dense

[Erdé8s, Jod, Komornik, Loreti, Pedicini, Bugeaud, Feng, Wen, Borwein, Hare]
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00000

Spectra of complex numbers
0@00

The importance of being (complex) Pisot

» Base: 3 complex, 3] > 1
» Alphabet: A ={0,1,...,m}

m+1>> |
m+1>|pJ

m+1<|pf

3 complex Pisot

3 complex non-Pisot

uniformly discrete
relatively dense

not uniformly discrete
relatively dense

uniformly discrete

not uniformly discrete

?2?2? ?22?
uniformly discrete uniformly discrete
?2?2? ?2?2?

N

[Zaimi]
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Spectra of complex numbers
0@00

The importance of being (complex) Pisot

» Base: 3 complex, 3] > 1
» Alphabet: A ={0,1,...,m}

m+1>> |
m+1>|pJ

m+1<|pf

3 complex Pisot

3 complex non-Pisot

uniformly discrete
relatively dense

not uniformly discrete
relatively dense

uniformly discrete
(relatively dense)

not uniformly discrete
2??

uniformly discrete
not relatively dense

uniformly discrete
not relatively dense

N

[Zaimi, H, Pelantova]

Tom Hejda (Paris, Prague)
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Spectra of complex numbers
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Relative denseness

Theorem

Let 3 € R such that || > 1.

Suppose A ={0,1,...,m}withm+1 < |B].

Then the spectrum of (3 with alphabet A is not relatively dense.
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Spectra of complex numbers
00@0

Relative denseness

Theorem

Let 3 € R such that || > 1.

Suppose A ={0,1,...,m}withm+1 < |B].

Then the spectrum of (3 with alphabet A is not relatively dense.

Theorem (H, Pelantova)

Let p € C\ R such that |p| > 1.
Suppose A > 0 with < |B|* elements.
Then the spectrum of (3 with alphabet A is not relatively dense.

Tom Hejda (Paris, Prague) Geometrical aspects of positional representations of real and complex numbers 19
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Spectral properties of cubic complex Pisot units

Theorem (H, Pelantova)

Suppose B is a cubic complex Pisot unit such that it has a real conjugate '
and 0 is an interior point of R(0) (so-called Property F). Let m + 1 > | [3|2.
Then the spectrum of (3 with alphabet {0, 1, ..., m} is uniformly discrete and
relatively dense.

Morover, there is an algorithm for calculating the minimal distance for all m at
once.

Tom Hejda (Paris, Prague) 20
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and 0 is an interior point of R(0) (so-called Property F). Let m + 1 > | [3|2.
Then the spectrum of (3 with alphabet {0, 1, ..., m} is uniformly discrete and
relatively dense.

Morover, there is an algorithm for calculating the minimal distance for all m at
once.

Satisfied by an infinite class of numbers [Akiyama]
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Spectra of complex numbers
oooe

Spectral properties of cubic complex Pisot units

Theorem (H, Pelantova)

Suppose B is a cubic complex Pisot unit such that it has a real conjugate '
and 0 is an interior point of R(0) (so-called Property F). Let m + 1 > |B|*.
Then the spectrum of (3 with alphabet {0, 1, ..., m} is uniformly discrete and
relatively dense.

Morover, there is an algorithm for calculating the minimal distance for all m at
once.

Satisfied by an infinite class of numbers [Akiyama]

Theorem (H, Pelantova)

| m__
Letp~ 0771 +1.115i, p3 = —p2 —p+1,letm > 1, and k = Ln'zTn'—Féz

Then

|

minimal distance = |B|”~.
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