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Basic definitions — [3-numeration

Base 3 € (1,2), Pisot unit
d-Bonacci number: Pisot root of

X=X X2 4 X4

d=2: 3 =1.618--- (Golden ratio)

d=3: p =1.839--- (Tribonacci constant)

Symmetric -expansion [Akiyama, Scheicher, 2007] of x € [—%, ‘2):
the coding of its orbit by
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Basic definitions — [3-numeration

B(Z]

Galois conjugates > ;,..., 3(.), ignoring those with Tm <0;

@(ijﬁj) — (ijfsin,...,ij(s{e)) e “Rd-1"

finite
Rauzy fractal for x € Z[B] N Xs:

R(x) = lim (D([S“T;nx)

n—o00
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Basic definitions — multiple tilings

The collection {R(x)}xexsnzip) is @ multiple tiling of degree m

)
it is a union of m tilings:
tiles are non-empty, compact, closures of their interior
each tile has a zero measure boundary
the collection has finite local complexity

the collection is locally finite (only finitely many tiles meet any
bounded set)

a.e. point of R4~ lies in exactly m tiles

Theorem (Kalle, Steiner, 2012)

Suppose B is a Pisot unit. Then for any “well-behaving” (3-transformation
T: X — X, the collection {R(x)}xexnzp) is @ multiple tiling.

Pisot conjecture for 3-numeration: It is a tiling for greedy expansions
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Two main results

Almost-Theorem A

Suppose B € (1,2) is a Pisot unit. Then {R(x)}xexnzip) forms a (single) tiling
if and only if:

B — 1 is a unit; and
{RB(Y)lyexsnzip) forms a (single) tiling (Rg and Xg explained in the next slide).

Theorem B

Letd >2and Y=Y +... 4+ B + 1. Then the symmetric p-transformation
induces a multiple tiling of R4~ with covering degree d — 1.
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Symmetric vs. balanced (3-transformation
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Symmetric vs. balanced {3-transformation

1/ B
2 2p—2
- 1
B _1 2p—2
2
1 2-B
2 2p—2
symmetric balanced
Xs XB
b ﬁx if x >0
Xt
B;(X +1) ifx<o0

> Ts(x) =9 Te(x)
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The idea — Theorem A

Almost-Proposition
Suppose B € (1,2) is a Pisot unit. Let
» mg be the covering degree of {Rg (y)}yex,nzip)

» ms be the covering degree of {Rs(x)}xexsnzip]
Then

ms = [N(B—1)| - mp

Rs(x) 2 BT ™ = BTy Mpx = BT (B — DTy "x —?)

= (B—1)B" Tz ™px — p"? % OB —1)x Rg(hx) if y:=1vxe Z[p]

> u)x:ﬁ(x—k?)
sy ly=(B-Ty—?
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The idea — Theorem A

Almost-Proposition
Suppose B € (1,2) is a Pisot unit. Let
mg be the covering degree of {Rg (y)}yex;nzip)

ms be the covering degree of {Rs(x)}xexsnzip]
Then

ms = [N(B—1)| - mp

Rs(x) 2 BT ™ = BTy Mpx = BT (B — DTy "x —?)

= (B—1)B" Tz ™px — p"? % OB —1)x Rg(hx) if y:=1vxe Z[p]

Therefore:
Rs((B—T)ymod 1)) = Rs(b~' (y)) = D(B —1) x Rp(y)
———
this is =y of all tiles regular linear transformation in R4~!
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The idea — Theorem B

Theorem B

Letd>2and Y=Y +...4+ B+ 1. Then the symmetric p-transformation
induces a multiple tiling of R4~ with covering degree d — 1.

The normof p—TisN(p—1)==+(d—1)
Show that for d-Bonacci numbers, {Rg (y)}yex,nzip) is a tiling

We show that all z € Z[] satisfy Tk(z) = 1/p for some k
(using Property (F) for greedy expansions [Frougny, Solomyak, 1992])

Arithmetic condition [Kalle, Steiner, 2012]:
D (z) € R(x) < there exists y € Z[p] such that:

TP(y) =y for some p
x = T*(y + B~ z) for some large enough k

In the end, it’s just addition of 1
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Conclusion

+ Strong link between tiling properties for symmetric and balanced
expansions.

+ Covering degree specified for symmetric d-Bonacci expansions.
Works only for unit § € (1,2).

? Is there a link between the tiling for balanced and greedy transformation?
Maybe when f > 1457
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Thank you for your attention
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