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Outline

Goal: Study the set
X™My)={ao+ary+ay*+ - +any" 1 a; €{0,1,...,m}}

for complex y

Results:

» Strong necessary condition for relative denseness
» Minimal and maximal distances in X™(y) for many cases

Tools:

» Beta-numeration
» Cut-and-project sets
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Delone sets

Intherealcase f > 1: X™(B)={xo =0 < x1 <x2 <...}we put:

(’,m([?)) = lim inf(xj+1 —Xj) Lm((.))) = lim SUp(Xj+1 — Xj)
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T X' (golden ratio)
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Delone sets

Intherealcase f > 1: X™(B)={xo =0 < x1 <x2 <...}we put:

fm(ﬁ) = lim inf(Xj+] —Xj)

In the complex case:

» Uniformly discrete ... £ >0
> Relatively dense ... L < oo
> Delone set ... both

Lm([.))) = lim SUp(Xj+1 — Xj)

X2 (complex Tribonacci)
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Delone sets

Intherealcase f > 1: X™(B)={xo =0 < x1 <x2 <...}we put:

fm(ﬁ) = lim inf(Xj+] —Xj) L (B) :=lim SUp(Xj+1 — Xj)

In the complex case:

» Uniformly discrete ... £ >0
> Relatively dense ... L < oo
> Delone set ... both
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Overview — real case 3 > 1

» Erdés, Jod, Komornik, Loreti, Pedicini, Bugeaud, Feng, Wen,

Borwein, Hare, ...
The set X™(p) is:

m+1>p3
m+1>p3

m+1<p

3 Pisot

3 non-Pisot

uniformly discrete
relatively dense

not uniformly discrete
relatively dense

uniformly discrete
relatively dense

not uniformly discrete
relatively dense

uniformly discrete
not relatively dense

uniformly discrete
not relatively dense
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Overview — complex case
> Zaimi

The set X™(y) is:

v complex Pisot v complex non-Pisot
m+1>> [y]* [ uniformly discrete | not uniformly discrete
relatively dense relatively dense
m+1>yl* [ uniformly discrete | not uniformly discrete
2?? 2?2?
m+1< |y|2 uniformly discrete uniformly discrete
2?? 2?2?

N
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Results |
» Zaimi, Hejda, Pelantova

The set X™(y) is:

m+1s
m+1>h?

m+1<h?

v complex Pisot

v complex non-Pisot

uniformly discrete
relatively dense

not uniformly discrete
relatively dense

uniformly discrete
(relatively dense)

not uniformly discrete
2??

uniformly discrete
not relatively dense

uniformly discrete
not relatively dense

N
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Results Il

Theorem
Lety be non-real, |y| > 1. Let m € N be such that
m+1< Iylz. Then X™(y) is not relatively dense.

Proof ideas:
> f(r) == #(X™(y) N B(0,7))
» We show that
f(lylr —m) < (m+ 1)f(r)
» Therefore
f(r)/r2 — O when r — oo

X'(v), vP=-2v—vy+1, hP~2147
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Cubic complex Pisot numbers

v € C\ R is cubic complex Pisot unit: (
» root of X3 +bX2 +aX —1, a,b € Z such that |y| > 1
» threeroots: ye C,y e C,y' €R
» 0<y' <1
» B :=1/y’is areal Pisot number, root of X3 — aX? —bX —1 (
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with complex conj.

M

minimal Pisot
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Beta-numeration

-representation of x € R, :

astring an ... apea 1 ..., With a; € Nsuch that }_ a;p/ =x
Rényi expansion: the lexicographically largest 3-representation
{3 satisfies Property (F) if all x € Z[B] have finite Rényi expansion
Frougny, Solomyak, Akiyama: description of cubic units with (F)
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with complex conj.

M

minimal Pisot
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Beta-numeration

B-representation of x € R :

>

vYyy

u
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cubic Pisot units
with complex conj.
and having (F)

astring an ... apea 1 ..., With a; € Nsuch that }_ a;p/ =x
Rényi expansion: the lexicographically largest 3-representation
{3 satisfies Property (F) if all x € Z[B] have finite Rényi expansion
Frougny, Solomyak, Akiyama: description of cubic units with (F)

=

minimal Pisot
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Cut-and-project sets

Lety be a CCPU and suppose B := 1/v’ satisfies (F). Let m > 3 and x € Z[y].
Then the following statements are equivalent:

x € X™(y)
x' has a finite 3-representation apeas ---a, With 0 < aj <m

x' € [0,mB/(p —1))

» 1< 2 elementary
» 2 = 3 elementary
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Cut-and-project sets

Lety be a CCPU and suppose B := 1/v’ satisfies (F). Let m > 3 and x € Z[y].
Then the following statements are equivalent:

x € X™(y)
x' has a finite 3-representation apeas ---a, With 0 < aj <m

x' € [0,mB/(p —1))

3=2

X = memm---mbagajas---ag
with 0<b<m and 0<a;<f
we have that .apa71a2---ax <1 and we use (F)
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Cut-and-project sets

Lety be a CCPU and suppose B := 1/v’ satisfies (F). Let m > 3 and x € Z[y].
Then the following statements are equivalent:

x € X™(y)
x' has a finite 3-representation apeas ---a, With 0 < aj <m

x' € [0,mB/(p —1))

We have:

X™(y)={x€Zhl:x' € Q} where Q= [O, %)
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Cut-and-project sets

X™(y) = {x € Ziy] :x' € Q) where Q= [0, - my,)
Cut-and-project sets:
lattice Z4+¢
linear map V¥ : lattice — R< of full rank d, and injective.
linear map @ : lattice — Re such that ®(z4*¢) is dense
cut-and-project set £(Q) := {¥(v) : v € Z9T¢, 0 (v) € Q}

Tom Hejda (CTU, Prague; LIAFA, Paris) 1



Cut-and-project sets

XM(y)={x€Zlyl:x' € Q} where Q= [o, =

Cut-and-project sets:
lattice Z4+¢
linear map V¥ : lattice — R< of full rank d, and injective.
linear map @ : lattice — Re such that ®(z4*¢) is dense
cut-and-project set £(Q) := {¥(v) : v € Z9T¢, 0 (v) € Q}

m

)
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Cut-and-project sets

Properties of cut-and-project sets:
Delone sets (uniformly discrete, relatively dense)
(almost) repetitive
finite local complexity (and patches are easily enumerable)
patches change just a little when Q changes

Q=[0,m/(1—v")) meN

in our case self-similar: yZ(Q) = Z(y'Q)
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Example

Y3 +y24+y—1=0

vy~ —0.771 + 1.1154
Q=1[0,C),C=2/(1-v")
the set X2(y)

vV v v v
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Example

s Y 4yr+y—1=0
>y~ —0.771+1.1151
» Q= 0,1.015C)
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Example

s Y 4yr+y—1=0
>y~ —0.771+1.1151
» Q= 0,1.025C)
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Example

> Y H+yi+y—1=0
» v —0.771+1.1151
» Q=0,1.05C)
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Example

> Y H+yi+y—1=0
» v —0.771+1.1151
» Q =1[0,1.065C)
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Example

> Y H+yi+y—1=0
>y~ —0.771+1.1151

etc.

Tom Hejda (CTU, Prague; LIAFA, Paris)
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Example

(o]

‘e
Lo
+
~
™
T
Q
P
A

Yyt Y-




All tiles Interval for ¢ The palette of X(Q2), where Q = [0,¢)
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Values of L,,, and {,,,

Theorem

Let v be the complex Tribonacci constant, y> = —y> —y + 1. and m € N. Let k € Z be the
maximal integer such that m > (1 —v')(y')~%. Then

_ 1—(vy")? _
tu(y) =l and mezzw/ﬁwﬁ L2

» Question: When is £,,,(y) a unit?
» Conjectured answer: For our case (CCPU and 1/y’ has (F)) always.

Tom Hejda (CTU, Prague; LIAFA, Paris) Spectral properties of cubic complex Pisot units 15



Conclusions

+ We knowthatm+1 < Iyl2 imples X™(y) not relatively dense
+ We determine {™(y) and L™(y) simultaneously for all m for a large class of cubic numbers

i Tools:

i Cut-and-project sets
i Voronoi tiles
i Beta-numeration

What to do when Property (F) is missing?
+ forget Rényi expansions and use general representations
Are cubic units the only cut-and-project case?

+ Some vy =i,/ with {3 real Pisot fit into the scheme as well
What about non-units? (p-adic places?)
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