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Dynamical system

We need:

@ topological space X, e.g. an interval
@ transformation on X, a map X — X
e (T,X) is dynamical system if
© either T is continuous on X
@ or there exist a measure p on X that is T-invariant

Example (Doubling map)

@ space X =[0,1)
e transformation T(x) = 2x mod 1 = 2x — |2x]|

@ it is continuous (after some simple modification)
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Measures

Measure on X is (for us) p : (Borel sets in X) — R such that:
Q (B) >0 for all Borel BC X

Q@ u(0)=0
© 1(AUB) = u(A)+ u(B) — u(An B) for all Borel A,B C X

Example (Doubling map)

@ space X =[0,1)
@ transformation 7 (x) = 2x mod 1 = 2x — |2x]|

o the invariant measure is u(B) = [ 1dx

v
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Invariant measures

Measure p is T-invariant if

w(B) = u(T1(B)) forall B Borel

Example (+¢ transformation)

@ space X = [0,1)
e transformation T(x) = ¢x — | px]|

@ not continuous

@ invariant measure is ;i(B) = [ h(x) dx

v
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Minus-beta transformation

Ito-Sadahiro definition:

=B L)

FH1’ B4

e transformation T(x) = —0x — |[—(3x — (3]

e digit function D(x) = |—0x — {g] € {0,...., 3]}

@ Ito-Sadahiro expansion of x € Jis d(x) =0 e didrd3 - - - where

e interval J = [(g,rg) = |

n— d d d
dn=D(T"H(x)  andweget  x= o+t

)3+
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Minus-beta transformation — invariant measure

Theorem (lto & Sadahiro, 2009)
Let —3 < —1. Define h: | +— R as

1
= 2

n>0
x>T"(Lg)

Then the measure ji(B) = [z h(x)dx is T-invariant measure.
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Minus-beta transformation — invariant measure

Proof.
Q let d(f) =0ebybyb3---
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Minus-beta transformation — invariant measure

Proof.
Q let d(f) =0ebybyb3---

@ it suffices to show that (

T

Q\'—‘

1 if x > T7(0)

O let dnlx) = {0 if x < T7(0)
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Minus-beta transformation — invariant measure

Proof.
@ it suffices to show that ( l Z
ﬁ eT-

1 ifx>T"

Q let dy(x) = 4+ Tx=T"(0)
0 ifx< T"¥)

O we have Z = b1 + 1 — dog1(x)

yeT1(x)
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Minus-beta transformation — invariant measure

Proof.
@ it suffices to show that ( l Z
ﬁ eT-
1 ifx>T"
Q let dyx) = 41 Tx¥=T"0)
0 ifx< T"¥)
O we have Z = b1 + 1 — dog1(x)
yeT-1 ( )
Q finally h(x Z h(y
y€T 1(x)
Q.E.D.
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1st example of “gaps”

B = 1.1347241384, root of X8 — X —1 =0, let 5; = T/(¢). Then
si+3=s;foralli>5
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2nd example of “gaps’, 5 =5/4
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(Image by W. Steiner and L. Liao)
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3rd example of “gaps”, 3 =9/8
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(Image by W. Steiner and L. Liao)
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Topological properties of transformations

@ locally eventually onto if for any non-empty open subset U C X
there exists k > 0 such that TX(U) = X

@ exact on a probabilistic space if lim p(T"(A)) = u(X)
for all A with p(A) >0

@ l.e.o. = exact
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Liao, Steiner — results on gaps |

Definition

Let 7, > 1 be a root of X8t! — X — 1 =0 with g, = [2"+1/3].
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Liao, Steiner — results on gaps |

Definition

Let v, > 1 be a root of X8*+1 — X —1 =0 with g, = [2"1/3].

Definition

For m, k)B, let

Gmk(B) = {(T(zﬁm+2(1)m)/3:i2(€), T%;+1+k(€)) if k is even
’ (725K (), TR =DM (0)) if k is odd
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Liao, Steiner — results on gaps |

Definition
Let v, > 1 be a root of X8*+1 — X —1 =0 with g, = [2"1/3].

Definition
For m, k7/3' |et
T(2m+2,(,1)"')/3+k(£)’ TE;“ka(g)) if k is even

Gk (B) =4 ) _m m g
0 {(Tzﬁ““‘(f), T OBk )) if ks odd

Definition

| A\

For 3, n, let G,(5) = {G,mk(ﬂ)’O <m<n0<k< W}
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Liao, Steiner — results on gaps |

Definition
Let v, > 1 be a root of X8*+1 — X —1 =0 with g, = [2"1/3].

Definition
For m, k, 3, let

T(2m+2,(71)m)/3+k(£)’ TE;+1+'I((€))

Gmk(B) = § o m p
0 (T2 (0), TET OB, () i kis odd

if k is even

| A\

Definition

For 3, n, let G,(5) = {G,mk(ﬂ)’O <m<n0<k< W}

| A\,

Theorem

Let ypt1 < B < yn. Then the transformation T_g has exactly g, gaps,
they are the intervals in G,(/3)

v
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Liao, Steiner — results on transformations

For any 3 > 1 the transformation T is locally eventually onto on

[6,£+ 1)\ G(B), where G(B) = Ujeg,(s)!
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Liao, Steiner — results on transformations

Theorem

For any 3 > 1 the transformation T is locally eventually onto on

[6,£+ 1)\ G(B), where G(B) = Ujeg,(s)!

Theorem (Géra proved this for 5 > 7»)

For any 3 > 1 the transformation T is exact with respect to its unique
absolutely continuous invariant measure.

.
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Liao, Steiner — results on transformations

Theorem

For any 3 > 1 the transformation T is locally eventually onto on

[6,£+ 1)\ G(B), where G(B) = Ujeg,(s)!

Theorem (Géra proved this for 5 > 7»)

For any 3 > 1 the transformation T is exact with respect to its unique
absolutely continuous invariant measure.

.

Theorem (Faller proved this for 3 > 21/3)

For any 3 > 1 the transformation T has a unique maximal entropy
measure, hence is intrinsic.
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Liao, Steiner — results on expansion of /¢

Theorem (Masakova and Pelantova proved this for 5 > 2)

Every Yrrap number is a Perron number.
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Liao, Steiner — results on expansion of /¢

Theorem (Masakova and Pelantova proved this for 5 > 2)

Every Yrrap number is a Perron number.

e 3> 1is Yrrap if d(¢) is eventually periodic
@ (3> 1is Perron if all its conjugates 3’ satisfy |3'| < 8

Theorem

The expansion of £ in the base v, is

_ . n—1 w . 0—1
d(f) = ¢"(10%), where Y100
The expansion of € in the base 1 < 3 < ~y, starts with ©"(1), hence

d(¢) i ©“(1) =100111001001001110011 - - -
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Few drops of “Wolfgangian”

oletfy:x— —fBx+a
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Few drops of “Wolfgangian”

oletfh:x— —0Ox+a

let fal“‘ak = 7[ak ©--+0 fc’il

we have f5,..5, (1) = (—B) + Zjl-(zl aj(—B3)k—
we have f5,..5, (1) = Pa,. 5, (8)

Pa1---ak = Pbl...b, IfF dal...dg = b1 e b/
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Few drops of “Wolfgangian”

oletfh:x— —0Ox+a

let 7[31'“31( = 7[ak -0 fc’il

we have f5,..5, (1) = (—B) + Zjl-(zl aj(—B3)k—
we have f5,..5, (1) = Pa,. 5, (8)

Pal...ak = Pbl...b, IfF dal...dg = b1 . b/

For every n > 0 we have

L(=1)" 1-(-1)" 1+(=1) 1—(
2 Pwn(2)+X Pn(11)=X+1:X T+ X2

X @
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Few drops of “Wolfgangian”

let £ : x — —Bx + «

let 7[31'“31( = 7[ak -0 fc’il

we have f5,..5, (1) = (—B) + Zjl-(zl aj(—B3)k—
we have f5,..5, (1) = Pa,. 5, (8)

Pal...ak = Pbl...b, IfF dal...dg = b1 . b/

Lemma

For every n > 0 we have

14(—1)" 1—(—1)" 14(—1)
2

Porg)+ X 7 Py =X+1=X 7 +X 2

v
Lemma

For every n > 0 we have

X

1-(~1)" (1)
’90’7(2)’ = &n+1 T % and |(pn(11)’ = gni1 + # J
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More drops of “Wolfgangian”

For every n > 0 the words ©"(2) and ©"(11) agree on the first g,11 — 1
letters and differ on the g,1-st letter.

Proof. Q.E.D.
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