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Combinatorics on words

alphabet {0, 1}, {A,B,C}
(right) in�nite word u = u0u1u2 · · ·
�nite word w = w0w1 · · ·wn−1, length n

morphism ϕ on words, ϕ(uv) = ϕ(u)ϕ(v),
given by the images of the letters

incidence matrix of a morphism:

(Mϕ)ab = |ϕ(a)|b

Example

Morphism η over {A,B,C}, η(A) = A, η(B) = CAC , η(C ) = C

Incidence matrix Mη =

0 1 0

1 0 2

0 0 1


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Sturmian words

Many ways how to de�ne Sturmian words � in�nite u over {0, 1} is
Sturmian, i�,

1 u is aperiodic with minimal complexity

2 u codes irrational exchange of 2 intervals

3 u is aperiodic and balanced

4 u is irrational mechanical

5 u is an irrational cutting sequence

6 . . .
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2-interval exchange

2-interval exchange transformation Sε, ε ∈ (0, 1)

[ )[ )|

[ )[| )

0 ε x 1

0 1− εSε(x) 1

?

Sε

�
�
�
�
�
�

•

◦�
�
•
◦

2iet word sε,ρ = s0s1s2 · · · , ρ ∈ [0, 1), Sturmian for ε /∈ Q

si =

{
0 if S i

ε(ρ) ∈ [0, ε),

1 if S i
ε(ρ) ∈ [ε, 1).

Sturmian morphism ϕ, ϕ(u) is a Sturmian word for every u Sturmian
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3-interval exchange

3-interval exchange transformation Tα,β , α, β ∈ (0, 1), α + β < 1

[ )[ )[ )|

[ )[ )[| )

0 α α+β x 1

0 Tα,β(x) 1

?

Tα,β

�
�
�
�
�

•

◦��•
◦�

�
•
◦

3iet word sα,β,ρ = s0s1s2 · · · , ρ ∈ [0, 1)

si =


A if T i

α,β(ρ) ∈ [0, α)

B if T i
α,β(ρ) ∈ [α, α + β)

C if T i
α,β(ρ) ∈ [α + β, 1).

3iet-preserving morphism η, η(v) is a 3iet word for every v 3iet word
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Amicability

Amicable words: u ∝ v . . . Example:

u = 0 01 0 1 0 01 · · ·
v = 0 10 0 1 0 10 · · ·

ter(u, v) = A B A C A B · · ·Ternarization

Amicable morphisms: ϕ ∝ ψ, i�, (∀u, v)(u ∝ v =⇒ ϕ(u) ∝ ψ(v))

Ternarization of amicable morphisms {A,B,C} → {A,B,C}

Proposition (Arnoux, Berthé, Masáková, Pelantová)

Let u, v be in�nite words over {0, 1}, u ∝ v . Then

ter(u, v) is a 3iet word ⇐⇒ u, v are Sturmian words.
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Results

Theorem

Every ternarization of amicable Sturmian morphisms is (globally)

3iet-preserving.

Theorem

A matrix B ∈ N3×3 is the incidence matrix of the ternarization of a pair of

amicable Sturmian morphisms ⇐⇒ there exist matrix

A =
(
p0 q0
p1 q1

)
∈ N2×2 with detA = ∆ = ±1 and numbers b0, b1 such that

(a)
∣∣∣b0(p1+q1)−b1(p0+q0)

p0+q0+p1+q1

∣∣∣ < 1,

(b) 1−∆
2 ≤ b0 + b1 ≤ min{p0 + p1, q0 + q1} − ∆+1

2 ,

(c) B = P

(
A b0

b1
0 0 ∆

)
P−1, where P =

(
1 0 0
1 1 1
0 1 0

)
.

Idea of the proofs: rational interval exchange
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Conclusions

1 We desribed a subset of the set 3iet-preserving morphisms � the

ternarizations

2 We know which matrices are matrices of ternarizations

3 We assume that the set of all 3iet-preserving morphisms is �not much

larger�

Conjecture

There exist four 3iet-preserving morphisms ψ1, . . . , ψ4 such that for all

3iet-preserving morphisms η, one of η ◦ ψ1, . . . , η ◦ ψ4 is a ternarization of

amicable Sturmian morphisms.
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