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Sturmian Words Definitions

Equivalent definitions:
@ Minimal complexity, C(N) = N +1

Example (Fibonacci Word)

f =01001010010010100101001001010010010. ...

Factors: &, 0,1, 01,10,00, 010,100,001,101,
0100, 1001, 0010, 0101, 1010,
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Amicable Words

u= 00100101

ter(u, v) = 0010 2 01 > l-amicable u v
v = 00101001

ter(v,w)=02 202 > 3-amicable v o w
w = 01010010

lex

QO uxv = u<yv
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Amicable Morphisms
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pxY = p(1) (1)
(01) o< 9(10)

0001 p . 0010
¥ 1.,01001 101010
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P = p(1) oc (1)

0001 p . 0010
¥ 1.,01001 101010
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Sturmian Morg

Objectives and Motivation

@ For given matrix A, det A = +1, count amicable pairs of sturmian
morphisms with this matrix.

@ Find, how many of them are b-amicable for b € N.

Let p,7 :{0,1}* — {0,1}* be two primitive sturmian morphisms such
that ¢ o< ¢. Then morphism 7 : {0,1,2}* — {0,1,2}*,

0 —ter((0), (1))
n: L—ter(p(1),4(1))
2 —ter(p(01),1(10))

has a 3iet fixed point.
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@ Minimal complexity, c(N) = N +1

© Balanced and aperiodic

© Two-interval exchange transformation

Q@ more...

Example (Fibonacci Word)

f =01001010010010100101001001010010010. ...

Factors: &, 0,1, 01,10,00, 010,100,001,101,
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Two-interval exchange transformation — 2iet

0 o 1
[ Y \
[ —F —)
0 l1—« 1

® « rational — t, , periodic word

® « irrational — t, , sturmian word

5274163 _5

k © _n>-=> T2 >
Foroz=3/8weget (Ta(o))kzo_07878a8787878585058-'
tao=0101101101..

v
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Ln(cr) — set of factors of t, , of length N
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Two-interval exchange transformation — 2iet

¥ ]
l—«o 1

Ln(cr) — set of factors of t, , of length N

Property
@ « irrational: #Ln(a) = C(tap, N) =N +1
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Two-interval exchange transformation — 2iet

¥ ]
l—«o 1

Ln(cr) — set of factors of t, , of length N

Property
e « irrational: #Ly(a) = C(ta,p, N) =N +1
@ p<N,pLN: #Ly(p/N)=N
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Letp< N, p L N, put m=min{p, N — p}. Let b>0. Then

N—b 0<b<m

number of b-amicable pairs in Ly(p/N)= )
0 otherwise
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Theorem |I.

Letp< N, p L N, put m=min{p, N — p}. Let b>0. Then

N—b 0<b<m

number of b-amicable pairs in Ly(p/N)= )
0 otherwise

Proof. Suppose p < N/2.
Jo Ip In—
- -

T T()

letter O letter 1
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Example (Lg(3/8))

Wo
w1
w2
w3
Wa
Ws
We
wy

01011011
01101011
01101101
10101101
10110101
10110110
11010110
11011010

Amicability
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N
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g b
N X

O TU) T
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Proof of Theorem |I.

Example (Lg(3/8))

wo 01011011
wy 01101011
wy 01101101
wz 10101101
ws 10110101
ws 10110110
we 11010110
wy 11011010

N

l ~ o
T(Jb) i h T(JNfl)T(Jo)
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Observations:

lex

o w; <w; < <, hence

N

iﬁ!i

O TUW) T
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Proof of Theorem |I.

Example (Lg(3/8))

Amicability

2iet, Ly Sets
©0000®000

Observations:
lex

wo 01011011 Jex o
wy 01101011 ° '_/V’ S w; <= i <j hence
wy 01101101 @ i>j = wik w;
wz 10101101
wy 10110101
ws 10110110
weg 11010110
wy 11011010
Jo Jp I
l N -
T(Jp) | T(n1) T(Jo).
X H
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Proof of Theorem |I.

Example (Lg(3/8))

Observations:

wo 01011011 e i h
wi 01101011 ° Wi s wj = I=] hence
w, 01101101 0 i>j = wigkw
wsz 10101101
ws 10110101 , -
ws 10110110 ° Ji, T(4), T2(i)s -, TV7H(U)
we 11010110 covers all J;, j=0,...,N—1
wy; 11011010

JO JP J/\/,

(r, B- N il

l N N
TU») S TWUn) T(h).

]
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T, TH (i)

5 | 0 1
l 0 N 1
Tk+1(~;l;-+1) . Tlf+1(Ji)
] N
l R LA
o | TE) T (i) |
letter O letter 1

@ occurs once = w; is l-amicable to wj 1
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o forthecase j=i+p and j=i+p+1
T T (i) TH(Jivpsr)

e <4 011

l o & 1
T,;+1(Ji+p) Tk+1(Jl,+p_*;1.).. . Tk+1(J')
- W, 101

l e T

TE2(Jiipi1) Tk+2(-/r) .T'k~+.2(J" )
- =1 10
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T T (i) TH(Jivpsr)

o= -0 11
Tk+1(-/i+p) Tk+1(-]i+p-|;1.).. : Tk+1(Jl)
[ - k- —a. 10 1
l e T
Tk+2(Ji;f;p+1) Tk+2(_/,) : T’ffZ(J/er)

— 1 - == 1 1 0

letter O letter 1
o b<p = w; is b-amicable to wj,p
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o forthecase j=i+p and j=i+p+1

T TUip) T (dirpia)
- == - 0 1 1

|
l o 5 1
P ) T rpen) TR
[ —— 101
l e T
Tk+2(Ji;f;p+1) Tk+2(_/,) : T’ffZ(J/er)

_— - == 1 10

letter O letter 1
o b<p = w; is b-amicable to w;j;p

e b>p+1 = wi X witp
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w; is not amicable to w;

w; is 0-amicable to w; N times
e j=i+1 w; is 1-amicable to w; N —1 times
e j=i+p ... wj is p-amicable to w; ...
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N — p times
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Summary:

o j<i

w; is not amicable to w;
o= w; is 0-amicable to w; N times
o j=i+1 w; is 1-amicable to w; N — 1 times
e j=i+p e
o j>i+p+1..

w; is p-amicable to w;
For p > N/2:

... N — p times
w; is not amicable to w;
p——N—p 0+——1
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/(0, 1)\
0,01
oo

(010,01)
S

10,1
(010, 01001)
<

(10, 101)
N
(010,01001001) (01001010,01001)

(110,1)
(u,v)
SN
o]
(u, vuv) - (uvu, uv)
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Aml( ability 2i Sets Sturmian Morphlsms

Standard Word T}ee

0,1)
0,01 10,1
(0,001) (010,01) (10,101) (110,1)
- (010, 01001) - -
(010,01001001) (01001010 01001) (u,v)

/
/

(u, uv) (v, v)

(y, uyv) (LVIVVU,VVUV) '

Property
© (u,v) standard

one-to-one
>

AcN?2 detA=1
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Sta ndard Word Tree

0,1)
0,01 10,1
(0,001) (010,01) (10,101) (110,1)
- (010, 01001) - -
(010,01001001) (01001010 01001) (u,v)

/
/

(u, uv) (v, v)

(y, uyv) (LVIVVU,VVUV) '

Property

one-to-one
>

@ (u,v) standard Ac N?>? detA=1
Q@ A= (25)eN?*2detA=1 = a+blc+d
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0,01 10,1
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- (010, 01001) - -
(010,01001001) (01001010 01001) (u,v)
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(u, uv) (v, v)

(y, uyv) (LVIVVU,VVUV) '

Property

one-to-one
>
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o4

e

0—010,
0—100,

: 0—001,
¢BL
: 0—100,
¢BL

0—010,

0—001,

: 0—010,
¢WL

0—101,

1—01001 — standard
1—10010
1—00101
1—01010
1—10100
1—01001
1—10010
1—00100

Sturmian Morphisms

00000

v
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L0l
1.

o2
o4

e

0—010,
0—100,

: 0—001,
¢[3];
: 0—100,
90[5];

0—010,

0—001,

: 0—010,
90[7];

0—101,

1—01001 - standard
1—10010
1—00101
1—01010 sturmian
1—10100
1—01001
1—10010
1—00100 — non-sturmian

Sturmian Morphisms

00000

v
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Sturmian Morphisms

00000

©l9: 0—010, 1—01001 - standard
ol1l: 0—100, 1—10010
©Pl: 0—-001, 1-00101
©Bl: 0—-010, 1-01010 sturmian
o4 0—100, 1—10100
©Pl: 0—001, 1—01001
©l9l: 0—010, 1—10010 |
©ll: 0—101, 1—00100 — non-sturmian

2 3
1 2

1 4
dethm—'z 1’#1

’:1 k=0,...,6
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Sturmian Morphisms
fe]eY Yo}

e (u,v) standard pair, N = |uv

o [0 = 4y,

1 p = |UV|0
2[0] = vu
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Sturmian Morphisms
fe]eY Yo}

e (u,v) standard pair, N = |uv

o zI01 = uv,

300l — vy

P = |UV|0
o 21k 3l

k-th right conjugate

k=0,.
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e (u,v) standard pair, N = |uv

1 p = |UV|0
o [0 = uv, 3000 — vy

o 1K 3K

k-th right conjugate k
o zIK = ylklylkl sl — K] ylk]

Tom Hejda (CTU)
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Sturmian Morphisms
fe]eY Yo}

(u, v) standard pair, N = |uv

P = |UV|0

o [0 = uv, 3000 — vy

zlKl zIK k-th right conjugate  k

®
!
o
=
|
—_

3 O A 5 () B (Y

0 —ulk] 0 — vk
k] . ~[k] .
QO[ ! ' ]_—)V{k] P ] ’ ]_—)u[k]

u]
)

I
il
it
S
pe)
i)
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Amicability 2i Sets Sturmian Morphisms

Important Properties

o (u,v) standard pair, N = |uv|, p = |uv|,

[+ Z[k] e u[k]\/[k], z[k] = V[k]u[k]' k = 0, ceey N - 1
0 —ulkl 0 — vl
k] . ~[k] .
ol e #w

@ »M(01) =24, lH(01) = 21
¢[k](10) — 3lkl @[k](lo) — sl
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Amicability 2i Sets Sturmian Morphisms

Important Properties

o (u,v) standard pair, N = |uv|, p = |uv|,
o zIKl = ylkIykl skl — IK] [K] k=0,....N—1

0 —ulkl 0 —vlA
: , g5[k] :
1—vlA 1 —uld

@ »M(01) =24, glH(01) = 2
<p[k](10) = zlk @[k](lo) — sl
Q@ o 3 sturmian — k#N-1

o ol
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Amicability 2i Sets Sturmian Morphisms

Important Properties

o (u,v) standard pair, N = |uv|, p = |uv|,
o zIKl = ylkIykl skl — IK] [K] k=0,....N—1

0 —ulkl 0 —vlA
: , g5[k] :
1—vlA 1 —uld

o) (p[k](()l) = zIK @[k](ol) — 3l
<p[k](10) = zlk @[k](lo) — sl
Q oM 3 sturmian <— k#N -1
Q Xl is 1-amicable to itself for k # N — 1, i.e. zIK  zlK

o ol
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Amicability

Sturmian Morphisms
00O0®0000

Theorem II.

Let (u,v) be a standard pair, N = |uv|, p = |uv|,, put
m = min{p, N — p}. Let ulkl, K ZIKl 5[k Ik K,
Let b€ N. Then

N—b 1<b<
# of b-amicable pairs in {cp[k]}k 5= - m
0 otherwise

0 otherwise

N—b—2 0<b<m-1
# of b-amicable pairs in {cp[k]}k : _{ =2=m
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Theorem II.

Let (u,v) be a standard pair, N = |uv|, p = |uv|,, put
m = min{p, N — p}. Let ulkl, K ZIKl 5[k Ik K,
Let b€ N. Then

N—b 1<b<
# of b-amicable pairs in {go[k]}k 5= - m
0 otherwise

N—b—-—2 0<b<m-1
# of b-amicable pairs in {cp[k]}k o= -7 m
0 otherwise

Proof.

@ Proof for ¢4
@ Proof for @Ikl
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@ For k# N —1, z[M =lK(01) o ¢l¥(10) = 2[4
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Sturmian Morphisms
0@000
wo

2k
3IN-1]

Wn-1
I

SIN-1]

o For k£ N—1, zWK =glk(01) x plK(10) = 2K
o Take two morphisms ok, ol
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Sturmian Morphisms
0@000
wo Wi Wit1

wi_1 W WN-_1
zIk zl ZIN-1]
3IN-1] 31kl 3l
b intervals

o For k #N —1, zK = lK(01) x lK(10) = 2[4
o Take two morphisms ol Il
e b=j—i,0<b<m, zIis b-amicable to zl
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Sturmian Morphisms
0@000

wo Wi Wit1 Wj—1 Wj WN—-1
z[k] z[Z] z[N_]-]
$[N-1] o slA 3l
b inférvals

o For k #N —1, zK = lK(01) x lK(10) = 2[4

o Take two morphisms !k, !l

e b=j—i,0<b<m, =z isb-amicableto [

o z[Mis (b—1)-amicable to z[9 and ‘u[k]‘o = |u[£]‘o hence

olM(0) = ulk o ul = Ll(0)

(p[k](l) — Ik ol = ¢[€](1)
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Sturmian Morphisms
0@000
Wi Wit1 Wj—1 Wj WN-1
z[k] z[e] z[N_I]
3IN-1] o zlA 3l
b intervals

o zlKis (b—1)-amicable to zI1 disallows b =0,

hence count is non-zero only for 1 < b < m
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Sturmian Morphisms

0Oe000

wo Wi Wit1 Wj—1 W WN-1
z[k] z[Z] z[N_]-]
$[N-1] © zlA 54
b inférvals

o zIKlis (b—1)-amicable to zI1 disallows b =0,
hence count is non-zero only for 1 < b < m
o Number of ¢* h-amicable to ¢l is equal to

number of (i,j), 0 <i,j < N —1suchthatj—i=b,
which is equal to N — b
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Sturmian Morphisms
slelelelele] Yole)

Intl)ductl on Amlcabmr

Proof of Theorem II.

Let (u,v) be a standard pair, N = |uv|, p = |uv|,, put
m = min{p, N — p}. Let ulkl, K ZIKl 5[k Ik K,
Let b€ N. Then

N—b 1<b<
# of b-amicable pairs is {cp[k]}k 5= { = LA

0 otherwise

N—b—2 0<b<m-1
# of b-amicable pairs is {go[k]}k 5= - m

0 otherwise

Proof.

@ Proof for ¢4
@ Proof for @K
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wo
3[N-1]

o j—i=b@k01) =2 is p-amicable to zI1 = ¢l1(10)

Amicable Morphisms

Wi—1 wj

Wi Wj+1 WN-1
5[k 314
z[k] Z[Z] z[N_l]
b intervals

Sturmian Morphisms
000@0



Sturmian Morphisms

wo Wi—1 Wi Wi Wijt1 WN-1
3[N-1] 5[k 314
ALk 714

SIN-1]
b intervals

o j—i=b@k(01) =2 is p-amicable to zI1 = ¢l1(10)
@ k,{ #*# N —1 = restrictionsi >1, j <N -2
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Sturmian Morphisms
000@0

wo Wi—1 Wi Wi Wijt1 WN-1
3[N-1] | IE[k]I | I2[11 |
|_|‘ Iz[k]: T :Z[g]l T

SIN-1]
b intervals

o j—i=b, @K(01) =2 is b-amicable to zl = }l‘l(10)
®© k¢ #N —1 = restrictions i > 1, j <N -2

o We need zIK oc 21l hence j — (i —1)=b+1<m
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Sturmian Morphisms
000@0

wo Wi—1 Wi Wi Wijt1 WN-1
2|[IV__]|i| 1 Iz[k]l 1 IE[Z] 1 _|_|
T JIN-1]

—
b intervals

o j—i=b, @K(01) =2 is b-amicable to zl = }l‘l(10)
®© k¢ #N —1 = restrictions i > 1, j <N -2
o We need zIK oc 21l hence j — (i —1)=b+1<m

@ Overall 0 < b<m—1, (number of pairs) = (N —2)—b

[m] = =
Tom Hejda (CTU) Amicable Morphisms
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ian Morphisms

)O000e

Theorem IlI.

Theorem

LHA:(M)%?GNMAaA:iLPwp:%Mﬂ%
dio 411

N = ago + ao1 + a10 + a11, m = min{p, N — p}. Then number of amicable
sturmian morphisms with matrix A is equal to

MN—U+%@aA—m
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ian Morphisms
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Theorem IlI.

Let A= ("’00 301) € N22, det A = +1. Put p = agg + o1,
dio 411

N = ago + ao1 + a10 + a11, m = min{p, N — p}. Then number of amicable
sturmian morphisms with matrix A is equal to

m(N — 1) + %(detA _ m)

Proof.

Q@ detA=+1.  {pM}  SSN-b
b=1
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Theorem IlI.

Let A= ("’00 301) € N22, det A = +1. Put p = agg + o1,
dio 411

N = ago + ao1 + a10 + a11, m = min{p, N — p}. Then number of amicable
sturmian morphisms with matrix A is equal to

m(N — 1) + %(detA _ m)

Proof.
QdetA=+1.  {oK}  SSN-b
b=1

m—1
Q detA=-1. {glhh SSN—-2-b
b=0
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Theorem IlI.

Let A= ("’00 301) € N22, det A = +1. Put p = agg + o1,
dio 411

N = ago + ao1 + a10 + a11, m = min{p, N — p}. Then number of amicable
sturmian morphisms with matrix A is equal to

m(N — 1) + %(detA _ m)

Proof.
QdetA=+1.  {oK}  SSN-b
b=1

m—1
Q detA=-1. {glhh SSN—-2-b
b=0
O
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