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Abstract

We consider positional numeration systems with negative real base —3, where g > 1, and
study the extremal representations in these systems, called here the greedy and lazy represen-
tations. We give algorithms for determination of minimal and maximal (—f3)-representation
with respect to the alternate order. We also show that both extremal representations can
be obtained using the positive base 32 and a non-integer alphabet. This enables us to
characterize digit sequences admissible as greedy and lazy (—f)-representation. Such a
characterization allows us to study the set of uniquely representable numbers. In case that §
is the golden ratio, we give the characterization of digit sequences admissible as greedy and
lazy (—/)-representation using a set of forbidden strings.

1 Introduction

For any real base o with |a| > 1 and a finite alphabet of digits A C R, we consider a positional
numeration system. If z =, z;o! with digits z; € A, we say that = has an a-representation
in A. The assumption that e\very z € R has a representation implies the condition on the
cardinality of the alphabet #.A > |a/.

Rényi [8] showed that if & > 1 and A = {0,...[a]| — 1}, then every positive z > 0 has a
representation. However, some numbers can have multiple representations. For example, in the
decimal system one has

1 =0.5000000... = 0.4999999...,  whereas 1 =0.333333...

If the base « is not an integer and the alphabet A is rich enough to represent all positive reals,
then almost all x > 0 have infinitely many representations and one can choose among them “the
nicest” one from some point of view.!

We consider the natural ordering of the alphabet and, for positive bases, the lexicographical
ordering of the representations. Amongst all representations of a given x € R, we can choose
the smallest and largest ones with respect to the lexicographical ordering; they are called the
greedy and lazy representations. The study of the greedy representations started by Rényi. The
study of the lazy representations was initialized by Erdés, Jo6 and Komornik [4] and they were
extensively studied by Dajani and Kraaikamp [2].

The focus on the negative bases started by the work of Ito and Sadahiro in 2009 [5].
Representations in the negative base do not need the extra bit for the signum +. A family of
transformations producing negative base representations of numbers for 1 < § < 2 is studied
in [1]. Among other, it is shown that although none of them gives the maximal representation
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!Note that although most people prefer writing % = 0.5, the shopkeepers consider the representation 0.4999. ..

nicer than 0.5000. .. for z = 3.



in the alternate order, it is produced by a random algorithm, see Theorem 4.2. in [1]. In its
proof, one can find out that the greedy representation is obtained by periodic application of two
transformations.

In this contribution, we focus on negative bases —3, 8 > 1 in general, and we deduce
analogous result without introducing random (—/)-expansions. Our main result states that both
extremal representations can be obtained using the positive base 3% and a non-integer alphabet B
by application of a transformation of the form T'(z) = 5%z — D(x), where D(x) € B (Theorem 4.1
and Proposition 4.2). Note that representations using a non-integer alphabet were considered by
Pedicini [7]. This enables us to exploit results of [6] for giving necessary and sufficient conditions
for identifying sequences admissible as greedy and lazy (—f)-expansions (Theorem 5.2). We
give examples of the golden mean ¢ ~ 1.618 and the tribonacci constant u ~ 1.839. In the last
section, we discuss the uniqueness of the representations of numbers.

2 How to obtain a-representations of real numbers

In this chapter we recall a method for finding an a-representation of a given number with general
real base «, |a| > 1. It is clear that if we are able to find a representation for all numbers = from
some bounded interval J C R containing 0, then we are also able to find an a-representation
for any @ € (Jyey 0¥ J, ie. for any real number (if 0 is inside J or the base « is negative)
or for all positive reals or all negative reals (if 0 is a boundary point of J and the base « is
positive). Our definition below is a restriction of the very general numeration system considered
by Thurston [10], which permits for the base also complex numbers.

Definition 2.1. Given a base a € R, |a| > 1, a finite alphabet A C R and a bounded interval
J>0. Let D: J+— A be a mapping such that the transformation defined by T'(x) = ax — D(x)
maps J — J. The corresponding a-representation of x is a mapping d = dn,jp : J — AN
do,gp(x) = T1222324 - -+, Where x} = D(T’“_l(m)).
Both Rényi and Ito-Sadahiro systems [8, 5] are “order-preserving”, provided that we choose
a suitable order on the set of representations.

Definition 2.2. Let A C R be a finite alphabet ordered by the natural order “<” in R. Let
x17923 - -+ and y1yoy3 - - be two different strings from AYN. Denote k = min{i | x; # y;}. We
write

® T1ToT3 - <lex Y1YoUs - -+ if xp < yr and say that zizoxs--- is smaller than y1yoys - in
the lexicographical order;
o T1xox3 - <ai Y1y2ys - - if (—1)Fzp < (—=1)Fyr and say that xj2ex3--- is smaller than
Y1Y2y3 - - - in the alternate order.
Proposition 2.3. Let a, A, J and D be as in Definition 2.1. Let numbers x,y € J and let
do,g.p(z) = z12223 -+ and dq,;p(y) = y1y2ys - - - be their a-representations.
o [fa>1 and D(x) is non-decreasing then
<y <  T102T3° " <lex Y1Y2Y3 - -
o Ifa < —1 and D(x) is non-increasing then

r<y = T1X2T3" " <alt Y1Y2Y3 - -
For a given base a and an alphabet A C R we put

Jo A= {Zaia_i a; € .A} ,
i=1

the set of numbers representable with negative powers of a and the alphabet A, and for any
x € Jo 4, we denote the set of its a-representations in A by

Ro a(z) = {xlxzxg e ‘ x = Z;ﬁla}ia*i and z; € A}.
The Proposition 2.3 suggests how to choose a suitable ordering on the set R, 4(z).




Definition 2.4. Let a be a real base with |a| > 1 and let A C R be a finite alphabet.

e Let @« < —1 and =z € J,y 4. Then the maximal and minimal elements of R, 4(z) with
respect to the alternate order are called the greedy and lazy a-representations of x in the
alphabet A, respectively.

e Let @ > 1 and = € J, 4. Then the maximal and minimal elements of R, 4(z) with respect
to the lexicographical order are called the greedy and lazy a-representations of x in the
alphabet A, respectively.

3 Extremal representations in negative base systems

Let us now fix a base @« = —f for some non-integer # > 1, § ¢ N, and an alphabet A =

{0,1,...,|3]}. Using the same arguments as in [7] it can be shown that the set I of numbers
representable in this system is an interval, namely
~518) 1]

I= [ , } — 1. 1

The interval I (i.e. its boundary points) depend on the base 3, however, we avoid it in the
notation for simplicity. We denote by I, the set of numbers which have a (—(3)-representation

starting with the digit a € A. Then I, = <5 + }BI = [_Lﬁ + 55+ _Lﬁ} and I can be written
as a (not necessarily disjoint) union of intervals I = J,c 4 Io. Obviously, we have —f3z —a € I
for every = € I,. Note that intervals I, overlap, but not three at a time.

We define
Dy () = B8] for x € I g,
a forzel,\Iut1, a €A a#|3].

and

Dy(2) 0 for x € Iy,
v\ &) =
a forxel,\I,—1, a€ A a#0.

and corresponding transformations
Tim(z) = =2 — Dy () and Ty(z) = =Bz — Dy(x) .
Proposition 3.1. Let x € I.
e Denote g = x and for all i = 0 put
22i41 = Dim(€2:), €2i41 = Tm(€2i) and  22i10 = Dy(€2i11), 2it2 = Ty(€2i11)-
Then z1z2z3 - -+ is the greedy (—[3)-representation of x.
e Denote ng = x and for all i > 0 put
Y2itr1 = Du(n2:), M2iv1 = To(m2i)  and  yaiv2 = Din(n2i41), M2ite = Tn(n2it1)-
Then y1y2ys - - - is the lazy (—f3)-representation of x.
For 3 € (1,2), the description of greedy (—/3)-representations of Proposition 3.1 can be deduced

from the proof of Theorem 4.2 in [1], albeit the statement of the theorem is vague, namely that
the greedy (—/f)-representation can be generated by a “random sequence of transformations”.

4 Representations in base 3> with non-integer alphabets

The algorithm for obtaining extremal (—(3)-representations of a number x, described in Proposi-
tion 3.1, does not fit in the scheme of the Definition 2.1 for negative base a = —3. In particular,
there is no transformation 7'(z) = —fxz — D(x) which generates for every x the greedy (or lazy)
(—()-representation. This fact complicates the description of digit strings occurring as greedy or
lazy representations. Nevertheless, we arrive to overcome this handicap.
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Figure 1: The greedy and lazy transformations T and T7,. This figure corresponds to a base
—B € (=3,-2). Here, 0y = L5 + =% + -

Defining Tg :=T,, 1, and Ty, := T,T,, we obtain transformations I — I which produce the
greedy and lazy (—f)-representations. The price to be paid is that the digit assigning functions
D¢ and Dyp, are not integer-valued. Precisely, Dg, Dy : [ — B = {-b3+a | a,b € A}. This
alphabet B has (#.4)? distinct elements, since we consider only 3 ¢ N.

Let us describe the mappings Tz and D¢ (resp. Ty, and Dy) explicitly. Put

b a l
o= — + + for a ,be A
T e e Y
and Dg(z) =max{-b3+a|a,be Aand 1, < z}. (2)

Notice that the set in the definition of D¢ is non-empty since 50 = < z for all z € I.
Defining a morphism v : B* — A* by
Y(—bB + a) = ba,

we can state the following theorem.

Theorem 4.1. Let 5> 1, f ¢ N, A={0,1,...,|5]}. Define on the interval I from (1) the
transformation Tg : I — I by the prescription
Tgo(z) = B2z — Dg(x),
where Dg : I — B is given by (2). For an x € I denote by dg(x) the corresponding [3°-
representation of x. Then
o dg(x) is the greedy 3*-representation of x in the alphabet B.
. ¢(dg(:ﬁ)) is the greedy (—/f3)-representation of x in the alphabet A.

Using the following generalization of result in [4], we can obtain the lazy (—/)-representations
of numbers from the greedy ones, and in the following text, we will mainly concentrate on the
properties of the greedy transformation Tg.

Proposition 4.2. Let z1292324 -+ be the greedy (—[)-representation of a number z € I and let
Y1Y2ysys - - - be the lazy (—f)-representation of a number y € I. Then

5]

. - > 1 ==
Yi+zi=[B] for everyi = ytz=-g

For an example of transformations T, 17, see Figure 1.

5 Admissibility

The transformation T has the following property.



Lemma 5.1. For every x € [I,l+1) one has Ta(z) € [I,I+1). Moreover, for every x € I\[l,1+1),
x # 1, there exists an exponent k € N such that T (x) € [I,1+1).

The above fact implies that, in general, some digits from the alphabet B do not appear
infinitely many times in the greedy (%-representation of any number z € I. Let Ag C B comprise
those digits that can appear infinitely many times, i.e. Ag = { D¢g(x) ‘ xz € [l,l+ 1)}7 analogously
we put Ay = {D, ‘ z e (r—1,r}.

In order to formulate the result about admissible greedy representations which is derived
using a result of [6], we introduce the left-continuous mappings Dy : [ — B, T4 : I — I and
dg o I — AN as

Diy(x) = lim Da(z—e), Th(x)= lim To(z—e), dy() = lim dalz—e).
Theorem 5.2. Let X1 X2X3--- € AY. Then there exists an x € [I,1 + 1) such that dg(z) =
X1 X9X3 - if and only if for every k > 1

g (TE(1+ 1)) if Xj, = maxAg,
dm(1+1{B8Y)  if X = —bB + B8], Xy # maxAg.

Remark 5.3. Using Proposition 4.2 one can derive an analogous necessary and sufficient
condition for admissible lazy 32-representations X1XsX3--- of numbers in z € (r — 1, 7] over
the alphabet A;, = |3] — Ag.

X1 Xpr2Xpyz - < {

6 Negative golden ratio

Let us illustrate the previous results and their implications on the example of the negative base
—0 where § = ¢ = % ~ 1.618 is the golden ratio. Real numbers representable in base —¢
over the alphabet A = {0, 1} form the interval J_y 4 =1 = [—1, é] =[l,7].

The greedy and lazy (—¢)-representation can be obtained from the greedy and lazy ¢?-
representation over the alphabet B = {—¢, —¢ + 1,0, 1}, applying the morphism ¢ : B* — A*
given by
The greedy and lazy ¢>-representations are generated by the transformation

Ta(z) = q§2:1: — Dg(x), Ti(x)= O’x — Di(z), =ze€ [—1, %] ,

where the digit assigning maps Dg and Dy, are

—¢ for x € [—1, —é), —¢ for z € [—1, #],
—p+1 forze -1 L), —¢+1 forxe (—4,0],
Doty =4 0T BT TE ek gy ot e el
0 for x € [—?,O), 0 for xz € (07$]7
1 11
1 for x € [0,5], 1 forxe(g,a].
The graph of the transformations T¢, T7, restricted to the intervals [I,{+1) = [-1,0), (r—1,7] =

(#, —é] are drawn in Figure 2.
Let us now apply Theorem 5.2 to the case 8 = ¢. Denote for simplicity the digits of the
alphabet B = {—¢,—¢ +1,0,1} by
A=—-¢ < B=—-9+1 < C=0 < D=1
With this notation, we have Ag = {A, B,C} and A, = {B,C, D}.

Proposition 6.1. A string X1X2X3--- over the alphabet Ag = {A, B,C} is the greedy ¢*-
representation of a number x € [—1,0) if and only if it does not contain a factor from the set
{BC, B“,C“}.

A string X1X2X3--- over the alphabet Ay, = {B,C, D} is the lazy ¢-representation of a
number x € (—#, é] if and only if it does not contain a factor from the set {CB,B“,C*}.
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Figure 2: Transformations T¢ (left), 77, (middle) and T% (right) in the base ¢? that correspond
to the greedy, lazy and Ito-Sadahiro representations in the base —¢.

Corollary 6.2. The points © = —1 and x = L are the only points in -1, %] which have a unique
(—¢)-representation over the alphabet {0, 1}.

Proposition 6.1 provides a combinatorial criterion for admissibility of representations in base
¢? in the non-integer alphabet Ag. One can also rewrite the admissibility of a digit string in
base —¢ using forbidden strings in the original alphabet {0, 1}.

Proposition 6.3. A digit string x1zoxs - -+ over the alphabet {0,1} is a greedy (—¢)-representa-
tion of some x € [—1,0) if and only if

(i) it does not start with the prefiz 1280, nor 02=11, k > 1;

(ii) it does not end with the suffiz 04 nor 1¥;
(i4i) it does not contain the factor 10%%1, nor 012%0, k > 1.

Corollary 6.4. The Ito-Sadahiro (—¢)-representation introduced in [5] is not extremal for any
11
For the plots of the greedy, lazy and Ito-Sadahiro representations, see Figure 2.

7 Unique (—f)-representations

In [1], it is shown that for 1 < § < 2, the set of numbers with a unique (—[3)-representation
is of Lebesgue measure zero. The authors also show that for 3 < ¢, such numbers are only
two. Let us show that although the measure is always zero, the set of numbers with unique
(—()-representation can be uncountable.

Proposition 7.1. Let  be the Tribonacci constant, i.e. the real root pn ~ 1.839 of 2° —x? —x — 1.
Denote A= —u, B=—u+1, C =0, D=1 the alphabet B for this particular case. Then all
strings over the letters {B,C'} are admissible as both greedy and lazy (—p)-representations.

We can prove an analogous statement for all sufficiently large bases.

Theorem 7.2. Let 3 > 1+ /3 ~2.732, 3 ¢ N. Then there exist uncountably many numbers in
J_p.A having a unique (—f3)-representation over the alphabet A ={0,1,...,[5]}.

8 Conclusions

Our main tool in this paper was to view the (—()-representations in the alphabet A =
{0, 1,..., Lﬂj} as strings of pairs of digits in A, which amounts, in fact, to considering the
alphabet B = —f3 - A+ A and the base 32. Such an approach puts forward the utility of
studying number systems with positive base and a non-integer alphabet, as was already started
by Pedicini [7] or Kalle and Steiner [6]. Obtaining new results for such systems — for example
analogous to those of de Vries and Komornik [3] or Schmidt [9] would probably contribute also
to the knowledge about negative base systems.
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